We propose experimental methods to engineer reservoirs at arbitrary temperature which are feasible with current technology. Our results generalize to mixed states the possibility of quantum state engineering through controlled decoherence. Finite temperature engineered reservoirs can lead to the experimental observation of thermal entanglement -the appearance and increase of entanglement with temperature-to the study of the dependence of finite time disentanglement and revival with temperature, quantum thermodynamical effects, among many other applications, enlarging the comprehension of temperature dependent entanglement properties.
For the vast majority of experimentally controllable and measurable quantum systems, interaction with the environment leads to a decoherence process that rapidly and irreversibly destroys the quantum properties of the studied system. Decoherence impedes the large scale applications of quantum mechanics, as quantum information and quantum metrology. Such unavoidable coupling between a system and an inaccessible environment privileges so-called pointer states [1] . When interaction with the reservoir prevails over the system's free Hamiltonian, the specific properties of the system-environment coupling determine the steady, or more stable states of the considered system. Decoherence owes its bad reputation to the fact that, for experimentally relevant situations, these steady states usually do not display nonclassical properties. However, quantum reservoir engineering [2, 3, 5] showed that decoherence can be rendered compatible with the preservation of quantum properties. Indeed, by judiciously engineering the effects of exotic system-reservoir couplings, quantum states with useful quantum properties, such as entanglement or quantum coherence [6] [7] [8] [9] [10] , can turn out to be the steady states of the decoherence process. Reservoir engineering can be used to protect interesting quantum states from decoherence, even in the case where a "natural" reservoir is present [3, 4] . As a matter of fact, an engineered reservoir can dominate a system's dynamics, turning the total system's steady state arbitrarily close to its own steady state, that can be controllably chosen.
The experimental implementation of reservoir engineering became achievable with the rapid technological development of quantum devices [11, 12] . Recent experimental results demonstrate the production of steady maximally entangled states through controlled dissipation in trapped ions [6, 7] and superconducting systems [10] . Most theoretical proposals and experimental realizations are focused on engineering zero temperature reservoirs, since they can lead to the production and protection of pure states. For finite temperature, the effects of a local thermal reservoir in an initially prepared entangled state were studied in [13] .
The steady state of a finite temperature reservoir is mixed. Finite temperature reservoir engineering can lead to the production and protection of mixed states with interesting entanglement properties, a problem that remains unexploited in the literature. Nevertheless, there are a number of interesting and unusual entanglement properties that engineered thermal reservoir can help to reveal and fully exploit for applications. One example is thermal entangled states, states that are separable at zero temperature, but entangled at finite temperature [14, 15] . They are the eigenstates of a strongly interacting spin system coupled to a reservoir that, due to the strongly interacting Hamiltonian, is non-local, i.e. it acts in many spins at the same time. Experimental observation of thermal entanglement is possible in strongly interacting many body systems [16] [17] [18] [19] [20] . However, in such systems, entanglement cannot be extracted and used as a resource for quantum based protocols. Moreover, the system-reservoir Hamiltonian is fixed by the specific material under study, and cannot be engineered and controlled. As a matter of fact, engineering system-reservoir couplings leading to the controllable production of thermal entanglement can provide a tool to better understand the complex structure of the many-body systems where it can be experimentally observed, as well as its coupling to an environment.
Another application of finite temperature reservoirs lies in the study of the behavior of entanglement in the presence of dissipation. It was shown in [21] [22] [23] that some two-qubit entangled states, in the presence of a zero temperature reservoir independently coupled to each qubit, completely disentangle at finite time. In [24] , the case of finite temperature reservoirs was theoretically studied, and it was shown that almost all states display finite time disentanglement for finite temperature. However, no experimental evidence of this fact was provided so far, and finite temperature reservoir engineering is certainly an important tool towards this goal, as well as to the environment induced appearance of entanglement [25] . Finally, quantum reservoir engineering at finite temperatures can find applications in simulating in more realistic scenarii of quantum transport problems [26, 27] and in providing an environment to the study of quantum thermodynamics [28] . The realization of finite temperature engineered reservoir will lead to the experimental evidencing of a broader collection of unusual quantum phenomena connecting entanglement and temperature.
In the present contribution, we provide theoretical proposals leading to finite temperature reservoir engineering which are well adapted to the state-of-the art of different set-ups successfully used to demonstrate quantum protocols. We detail these ideas for a trapped ion system and in [30] we show how to implement them using different modes of single photons. Extending the proposed ideas to other set-ups, as superconducting qubits, is also possible, but will not be detailed here [10] .
From an Hamiltonian describing the coupling between the system and an environment at temperature T we can trace out the environment degrees of freedom in the BornMarkov limit supposing that system and environment are uncorrelated at initial time t = 0. This leads to a master equation ( Lindblad equation [31] ) governing the dynamics of the system's reduced density matrix,ρ:
whereρ is composed by N sub-systems that are independently coupled to the reservoir. In the present manuscript, we will consider that each subsystem is a qubit. The operatorsĉ i ,ĉ † i , also called jump operators [32] , act independently on each qubit, and describe the action of the environment to the system. Γ is a rate related to the system-reservoir coupling constant, and will be supposed to be the same for each sub-system.n i is a function of the reservoir's temperature T : the reservoir can be interpreted as composed by an infinity of harmonic oscillators, andn i is the average number of quanta in the mode resonantly coupled to the i-th qubit. In the general case, where qubits are encoded in physical systems with different characteristic frequencies,n i can depend on i to ensure that the reservoir is at constant temperature T . Notice that, for T = 0,n i = 0.
The exact form of the coupling between the system and the environment determines operatorsĉ i (ĉ † i ) and the steady state of Eq. (1). For T = 0, the steady states are the eigenstates ofĉ i with zero eigenvalue. For this reason, operatorsĉ i play a central role in the decoherence process and the protection or disappearance of quantum properties [33] .
The considered qubits are usually encoded on real or artificial atomic systems, as trapped atoms and ions or superconducting circuits. In such systems, Eq. (1) is used to describe, for instance, the radiative atomic decay and absorption from the reservoir, andĉ i =σ
y . In this case, the steady state of the system is given by a thermal distribution,
where Z is the partition function and states {|k } form the product state basis of N qubits. E k is the energy associated to state |k . Such thermal distributions cure,fly have no application in quantum information. In Fig. 1  (a) , we show an example of the level scheme and energies of a system with N = 2, together with the associated jump operatorsσ An alternative description of the damping and decoherence process is given by the generalized amplitude damping channel associated to Eq. (1) , that is, the map E t : ρ(t = 0) → ρ(t) = E t (ρ(t = 0)), that can be written in terms of the Kraus operatorsM 
whereM (i) j (t) is j-th Kraus operator described in [34, 35] acting on the i-th qubit. Kraus operators are related to jump operators as follows:
represent the system's evolution when no quantum jumps occurs. The unitary transformationÛ undergone by the jump operators also applies to Kraus operators :
that whenÛ is an entangling operation,M (i) j will act on more than one qubit. In view of experimental implementations, the map (2) is a convenient approach, as we detail in the following.
Thermal reservoirs with different interesting properties can be engineered using the Kraus formalism. In order to show this, we study as an example the basis transfor-
realized in a chain on N = 2 non interacting qubits. When applied to the jump operatorsσ (i) ± (i = 1, 2), the considered transformationÛ leads to a new set of jump operatorsÛσ
i that create transitions between entangled states. The physical meaning of the entangling operationÛ is that it creates an engineered reservoir where the eigenstates of the Hamil-
are independently coupled to the environment. In the 2 qubit case, such eigenstates are given by:
The transformed jump operators are given byÊ i = (σ
The transformed level scheme with corresponding energies and jump operators is displayed in Fig. 1(b) , and can be compared to the one displayed in Fig. 1(a) . We can see that, in both cases, there are two independent reservoirs, each of them coupling different transitions that can involve both entangled and separable states. From the spectrum shown in Fig. 1(b) , we can see that this particular transformation opens the perspective of simulating and studying thermal entanglement in a controlled and systematic way: for T = 0 and g < ω o , where ω o is the transition frequency between states |0 i and |1 i (i = 1, 2), the stationary state (ground state) is separable, but entanglement appears with increasing temperature. Fig. 2 displays the dependency on T and g of a variance based entanglement witness [29] : W = α=x,y,z ∆ N iσ
This witness, that only involves collective measurements, was experimentally tested in solid state systems [16, 20] , whose violation also increases with temperature, contrary to common sense. In the same Figure, we can also observe quantum phase transitions by changing the reservoir's properties, or making g ≤ ω o . If g ≥ ω o , the ground state is entangled (quantum phase transition point), and entanglement decreases with increasing temperature. In Fig. 10 of [30] we show the dependency of the negativity, necessary and sufficient criterium to detect entanglement in a bipartite qubit system, as a function of T and g as well.
Such transformations can be implemented experimentally in a variety of systems such as single photons and trapped ions. A detailed implementation relying on the different degrees of freedom of a single photon is presented in [30] . Below, we discuss the use of a trapped ions system, and show a generalization of [6] , leading to the observations of the T and g dependency of entanglement in a controllable and integrable quantum system. The action of each transformed reservoir is independently simulated and thus the protocol is split in two parts, R 1 and R 2 . In both of them, we make use of auxiliary ions (ancillae) to mimic the role of the reservoirs. Such ancillae are prepared in judiciously chosen mixed initial states whose degree of purity is related to
FIG. 1:
Level scheme and energy of states of a 2-qubit chain that coupled by jump operators. The arrows represent the possible transitions between the levels, governed by the jump operators. In (a) jump operators are given byσ (1(2) ) ± . In(b) they are transformed byÛ , leading tô Ei = (σ
the temperature of the environment. After step R 1 , the ancilla is reinitialized and prepared to simulate the action of R 2 . Both parts of the protocol follow exactly the same sequence of steps, summarized in Fig. 3 , differing only by the choice of parameters involved in the interactions between each pair of ions. R 1 starts with a change of basis in the two qubit system (step S1), performed by the oper-
. This operation can be experimentally implemented in a trapped ion system using an entangling gate, as the celebrated gate proposed by Sørensen and Mølmer (SM) [37] and currently used with high fidelity [38] . With such gates, collective operations e iΩτ (σ
can be realized, where α is an arbitrary direction in the three dimensional space, Ω is proportional to the effective lasers-ions coupling and τ is the laser-ion interaction time. The parameter α is determined by the relative phases of the lasers used to perform the SM gate. The advantage of realizing this basis change operation is that we can now simulate the action of a reservoir that acts locally and independently on each qubit, where quantum jumps involve the application of operatorsσ
± . Then, a subsequent application of the operatorÛ † will undo the basis change, and the net effect is the perfect reproduction of the action of an engineered reservoir where quantum jumps are realized by the transformed operatorsÊ i ,Ê † i . In a second step, S2, the ancilla ion is prepared in statê ρ
Since the experiment must be repeated several times to acquire statistical data, this state can be prepared by using different ancilla states, |0 A or |1 A at each run of the experiment, respecting the required classical statistical distribution. This statistical weight is related to the environment's temperature: p 1 = 1 (pure reservoir state) means T = 0, while p 1 = 1/2 (completely mixed state) means T → ∞.
We can thus move to step S3, that simulates the cooling and heating processes. This is done using again a SM gate. However, in this step, it couples qubit 1 to the auxiliary ion A leading to:
Violation of the variance based entanglement witness W proposed in [29] and detailed in the text for a two-qubit system (separability threshold equal to 1) as a function of T and g. This witness also displays increasing violation with temperature and is currently measured in solid state systems with a reduced controllability. Its detailed experimental study as a function of g and T can provide better relative violation than computing the negativity of the density matrix [30] . It also presents the advantage of being more adapted to large scale systems, since it relies on collective measurements only.
Notice that, in this transformation, t is the time involved in the definition of the Kraus operators (see Eq. (2)), it corresponds to the evolution time under the Lindblad equation (1) . It should not be confused with the interaction time τ needed to entangle the qubit and the ancilla A. These two parameters relate as follows: τ = arccos( λ 1 (t))/Ω.
In order to close the R 1 part of the protocol (S4), one should, in principle, applyÛ to convert the system back to the original basis, as schematized in Fig. 3 . Nevertheless, since the R 2 starts with S1, which is an application of operationÛ † , the combination of both steps is nothing but the identity operation.
We can verify that after R 1 , reservoir and qubits are entangled, and when tracing out the ancilla (environment) ion, one obtains exactly the four Kraus operators associated to a thermal reservoir. In order to realize R 2 , one can either add another ancilla ion, playing a role analogous to the previous ones, or reinitialize the already used ions, preparing them in a state convenient to the realization of R 2 .
State reinitialization can be achieved through the following sequence, experimentally realized in [6] : the physical state |1 A encoding quantum information and used as ancilla is a long-lived internal states. However, it can be coupled to unstable states that rapidly spontaneously decay to state |0 A . In this effective incoherent process, the information encoded in the ancilla ions is transmitted, through spontaneous emission, to the "real" macroscopic environment, so the non-unitary character of the Schematic representation of the proposed thermal reservoir engineering for a two-qubit system, involving the sequential application of two parts, R1 and R2. In the detailed scheme, the sequence of operations involved in the realization of R1 is shown. The sequence involved in the realization of R2 is exactly the same, with different choices of parameters. In S1, a change of base is realized in the qubit system. Then, in S2 the ancilla ion is prepared in a mixed state. The amount of entanglement is related to the reservoir's temperature: a separable state corresponds to T = 0 while a maximally entangled state to T → ∞. S3 simulates the action of a local thermal reservoir on qubit 1 using a SM gate. The duration of this gate, and consequently, the amount of entanglement it creates, is related to the effective time elapsed since the system was coupled to the reservoir and started to controllably "decohere". If the gate realizes a "π pulse", we have the equivalent to the production of the steady state of the system (t → ∞). In S4, the basis change is undone. After the successive application of R1 and R2, measurement of the two-qubit state leads to the density matrix that would have been obtained by solving (1) withĉi →Êi andĉ † i →Ê † i .
evolution of the two-bit system is preserved, even though the ancilla ion is in state |0 A , so not entangled to the qubits anymore. From such a reinitialized state, we can now prepare the ancilla in stateρ R2 A = p 2 |0 A 0 A | + (1 − p 2 )|1 A 1 A | using the same procedure and follow exactly the same prescription as in R 1 , replacing λ 1 (t) by λ 2 (t).
After the action of R 1 and R 2 , by judiciously choosing p j =n j +1 2nj +1 = e and λ j (t) = 1 − e −Γ(2nj +1)t , j = 1, 2 we have that the two qubit state is prepared in a mixed state. It corresponds to the solution of a Lindblad equation describing its coupling to an engineered reservoir with exotic, experimentally chosen, properties.
Scaling of the presented protocol is possible, at the expense of either reinitializing ancillae a number of times that scales linearly with the number of qubits N or by adding a number of ancillae ions that also scales linearly with N .
In conclusion, we proposed a method to engineer quantum markovian reservoirs at finite temperature and illus-trated it by showing how to engineer a reservoir leading to a steady state displaying thermal entanglement, for some choices of parameters. Other choices of parameters and entangling transformations can be made, leading to the engineering of finite temperature reservoirs with different asymptotic properties. Finite temperature reservoir engineering in controllable and integrable quantum systems, as trapped ions, superconducting systems and single photons, opens the perspective to a deeper experimental study of the entanglement dynamics dependency with temperature, and all the related surprising and counterintuitive phenomena that remained unexploited so far. The experimental implementation of the suggested protocols is within immediate reach in different experimental set-ups using current technology.
